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Background: Sparse Tensor Algebra Compilation
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Autoscheduler
+ UDFs
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[Chou et al. OOPSLA’18]
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COMET [Mutlu et al. LCPC’20]
MLIR SparseTensor Dialect [Bik et al. TACO’22]

Other systems:
SPF [Zhao et al. arXiv’22]
SparseTIR [Ye et al. arXiv’22]
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Overview

My view of sparsity

Why sparsity requires compilers and general hardware

Unlike dense neural networks that can be reduced to GEMM, 
it will not be possible to reduce sparse neural networks 

to one optimized function

Thesis 
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Sparsity as system connectivity
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Two types of sparsity: learned and a priory
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Structure of input data

Sets

• No a priori connections 
• Postulate fully connected layer 
• Then may try to learn sparsity

Sequences Grids

• Triangular matrices in 
transformers 

• Recurrences in RNNs • Pixel locality in CNNs

Graphs

John Jill
Jill Kim
Kim Mary
Mary Kim

Relational Data
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How sparse is graph/relational data? Often asymptotically sparse.

Power-law graphs

Conditioned Meshes
Assume an average degree of 150 (e.g., 150 friends)

Each matrix row then has 150 nonzeros

At 10,000 rows: nonzeros
150 ⋅ 10,000

10,0002
= 1.5 %

At 100,000 rows: nonzeros
150 ⋅ 100,000

100,0002
= 0.15 %

Matrix components:  O(n2)
Nonzeros: O(n)

Fraction of nonzeros: O(1/n)
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Should we build graph frameworks or sparse tensor frameworks?
Graph Framework Sparse Tensor Framework

(Sparse)

.

• Lower level 
• Can hand-implement fusion

• Higher-level natural notation 
• Same notation as in papers 
• Composes with dense/CNNs 
• Easy to compose multiple graphs 

• Compiler can 
• Fuse computation 
• Reorder and tile 
• Port across machines
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How general should tensor frameworks be?

Full tensor support
• General tensor algebra 
• User-defined functions 
• Tensor reshapes and composition 
• Portable across tensor formats

Kernel library
• Fixed number of 

hand-optimized 
operations 

• Fixes tensor formats

cuSPARSE

Intel MKL
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How to implement a sparse PyTorch in software and hardware

ray and tensor algebra codes. I have chosen to make a distinction be-
tween libraries and programming systems, where I de�ne a library as
software that provides implementations for single operations, whereas
programming systems o�er general support for a class of operations.
The programming systems vary in the type of operations they support.
For example, NumPy supports dense array operations with broadcast
semantics, the MATLAB Tensor Toolbox supports any binary pairwise
sparse tensor contractions on coordinate tensors, and taco supports
any n-ary tensor expression and tensors stored in many dense and
sparse formats.

There are two ways to create a function that computes a tensor al-
gebra expression (a kernel): it can be handwritten by a programmer or
generated by a compiler. For any given kernel, it is, of course, easiest
to write it by hand than to develop a compiler. In fact, how to generate
general sparse tensor algebra kernels was, until this dissertation, an
open problem. The downside of handwritten kernels is, however, that
every expression incurs a development and optimization cost for each
data structure and for each machine it is required for. Developing even
one such kernel necessitates an intellectual e�ort that is often of such
signi�cance as to be published in a peer-reviewed conference or jour-
nal paper. Thousands of papers have been written on di�erent sparse
linear and tensor algebra kernels for di�erent expressions, data for-
mats, optimization strategies, and machines. Furthermore, as argued
in Section 1.2, the number of possible kernels for sparse tensor algebra
grows a the cartesian combination of these factors. Therefore, unless
we move to a code-generation approach, such as the one described in
this dissertation, we should expect thousands more.

A = B � (CD)

Matrix T = gemm(C,D);

Matrix A = spelmul(B,T);

transform

Kernel Library
gemm

spelmul

matadd
ttv

ttm

mttkrp

spmv
. . .

Figure 8-2: Programming system built
on top of a kernel library. The system
must transform expressions and tensors
to �t available hand-written kernels.

A = B � (CD)

int pA2 = 0;

for (int pB1 = B1_pos[0];

pB1 < B1_pos[1]; pB1++) {

int i = B1_crd[pB1];

for (int pB2 = B2_pos[pB1];

pB2 < B2_pos[pB1+1]; pB2++) {

int j = B2_crd[pB2];

double t = 0.0;

for (int k = 0; k < O; k++) {

int pC2 = i * O + k;

int pD2 = k * N + j;

t += C[pC2] * D[pD2];

}

A[pA2++] = B[pB2] * t;

}

}

compile

Figure 8-3: Programming system built
on top of a compiler. The system can in-
voke the compiler to generate any ker-
nel and is therefore not forced to trans-
form expressions and tensors.

A compiler approach promises to reduce overall implementation
cost by enabling programmers to express their tensor expressions in a
high-level tensor notation. These expressions are then combined with
separate descriptions of data formats, optimization strategy, and ma-
chine to automatically generate an optimized kernel. This approach
provides users with the best of both worlds: they write their expres-
sions in high-level tensor notation and obtain the performance as if
they wrote and optimized the kernel by hand in a low-level language
such as C.

General programming systems for tensor algebra can be designed
in two ways: they can either be built on top of libraries of handwritten
kernels (Figure 8-2) or on top of a compiler (Figure 8-3).

Programming systems built on top of kernel libraries must im-
plement a strategy to map general expressions to a �xed number
of kernels. These programming systems, such as MATLAB[123]
and Cyclops [119], rewrite compound expressions as a sequence
of sub-expressions and rearrange tensors to �t the available ker-
nels. This strategy reduces their performance because sequences
of unfused subexpressionsmay perform asymptoticallymore op-
erations, may su�er from poor temporal locality, and may re-
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compile

Compilation
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Factorization in dense tensor algebra

a =
X

ijklmnop

MijPjkMklPlmMnmPnoMpo Pip

<latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit>

Transposes → GEMM → Transposes → GEMM → …

• Works pretty well for dense (at least on shared memory machines) 
• The cost of transpose is modest 
• The benefit of handwritten GEMM is large
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Unlike dense neural networks that can be reduced to GEMM, 
it will not be possible to reduce sparse neural networks 

to one optimized function
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Factorization in sparse tensor algebra

a =
X

ijklmnop

MijPjkMklPlmMnmPnoMpo Pip

<latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit><latexit sha1_base64="2uUwWQztKE/bN1y87STC5ZKKNG4="></latexit>

Transposes → SpGEMM → Transposes → SpGEMM → …

Requires sorting and

potentially data structure 

conversion

Compilers better able to 
produce competitive code

Need to flatten data structures

(e.g., COO triplets to pairs)

No fusion across operation

Potential asymptotic complexity slowdown! 
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Factorization destroys fusion

B C D

Element-wise multiplication 64 inner product64 inner product
10 inner product

�
<latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit><latexit sha1_base64="yODd/Wr5FaINj+HDGyvlRaqBCnQ="></latexit>

This dot product need not be computed

Sampled Dense-Dense Matrix Multiplication (SDDMM)

rma10
cant

cop20k
scircuit

mac-econ
pwtk

Separate Operations
Fused Operation

2412x

5186x

24835x

59496x

73405x

22400x

Normalized Time

O(IJK)

O(NNZB ⋅ K)

·
=

Sparse matrices
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Factorization forces data movement

Aij = Bijkck

i

j
k

k

·
reshape

[Yadav et al. PLDI’22]
[Yadav et al. SC’22]

Nodes

24xcompiler-generated kernel

factorized with reshape

ideal speedup

DISTAL
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Factorization prevents efficient user-defined function support

b c

b c

NumPy UDF NumPy UDF NumPy UDF

xor

[Henry and Hsu et al. OOPSLA’21]
Average: 7.5x cost factorization
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Compiler design for general sparse tensor operations

CPUs/GPUs Distributed

Machines

Fixed-Function

Hardware

Spatial Dataflow 

Accelerators

Tensor Format

Specifications Sparse Compiler Schedules

Autoscheduler

Tensor Algebra

+ UDFs

+ Tensor Reshaping

+ Tensor Composition

+ + +

fusion

reordering


tiling

sparse spatial dataflow 
hardware with fusion
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Hardware design for general sparse tensor operations

Sparse tensor algebra accelerators must support:

1. Generality: arbitrary tensor algebra operations 
2. Data Structures: dense and sparse data structures 
3. Fusion: Fusion across operations 
4. Reordering: Changing the order they process tensor dimensions



19

The Sparse Abstract Machine

• Abstract spatial dataflow machine architecture 
• Supports all four properties (generality, data structures, fusion, and reordering) 
• Also supports tiling, parallelization, vectorization, and bitvector wire protocols 
• Implemented in a simulator and first prototype taped out next month 
• Straightforward to compile tensor algebra to the sparse abstract machine

arxiv.org/abs/2208.14610
Olivia 
Hsu

Maxwell 
Strange

Jaeyeon 
Won

Ritvik 
Sharma

Kunle 
Olukotun

Joel 
Emer

Mark 
Horowitz

Fred 
Kjolstad
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Inner-product sparse matrix multiplication
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Gustafson sparse matrix multiplication
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22

Fused SDDMM

D, 0 
Level 

Scanner 
B: level i

compressed
crd

refref

D, 0 

crd

ref
refRepeater

D: level i

crd

ref

ref
Repeater
C: level j

ref

crd

Level 
Scanner 
D: level j

compressed

ref

Array
B Valuesref vals

Array
D Valuesref vals va

ls
va

ls

va
ls

M
ul

tip
lie

r

vals

Level 
Writer 

X: values
compressed

Xj coordinate stream

Xi coordinate stream

crd

Level 
Writer 

X: level j
compressed

crd

Level 
Writer 

X: level i
compressed

va
ls

va
ls

Sc
al

ar
 R

ed
uc

er

crd

ref
Level 

Scanner 
C: level k

compressedref

Level 
Scanner 
D: level k

compressed
crd

ref

ref

In
te

rs
ec

te
r

ref1
ref1

ref2

ref2

crd

crd1

crd2

ref

crd

Level 
Scanner 
B: level j

compressed

ref

D, 0 

ref

Level 
Scanner 
C: level i

compressed
crd

ref
ref

In
te

rs
ec

te
rref1 ref1

ref2 ref2

crd

crd1

crd2 crd

ref

ref
Repeater
B: level k

Array
C Valuesref vals

va
ls

va
ls

va
ls

M
ul

tip
lie

r

In
te

rs
ec

te
rref1

ref1

ref2 ref2

crd

crd1

crd2

Xi coordinate
stream Bj reference stream

Bj reference
stream

Xj coordinate stream

Aij = B ⊙ (CD)

O(NNZB ⋅ K)



23

Conclusion and references

Unlike dense neural networks that can be reduced to GEMM, 
it will not be possible to reduce sparse neural networks 

to one optimized function
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